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ABSTRACT

In this paper, on the basis of the DFP method a class of
non-quasi-Newton methods is presented. Under some
condition the global convergence property of these methods
with Goldstein line search on uniformly convex objective
function is proved.

PROPOSAL OF NEW ALGORITHMS

For problems of unconstrained optimization

min f(x), xI R’ (12)
The quasi-Newton methods is one of the most well
considered, and extensive methods and the DFP method
which is one of quasi-Newton methods, given by
Davidon[1], revised by Fletcher and Powell[2], was first
derived.
Steps of DFP algorithm are asfollows
Algorithm A
Stepl. Given x1 R'. B, is N° N symmetric and
positive definite matrix,
Step2. Calculate g, :Nf(xk), if g =0, then stop

calculating, X, can be obtained, otherwise turn to the next

step.
Step3. dk =- B'lgk_
Step4. Do line search to determine step length | .
Steps. X = % +1,d,
Step6.
Bk+1 — Bk _ quyl;r T+ y@j Bl< +¢1+ STTBki gy:y: (1.2
S Y SYe 8%V

Where S =X, - X (1.3)

Ye = 0w - 0, (14)

Step7. Kk := k+1 and go to Step2.

Formula (1.2) is DFP update formula, the present paper
revises (1.2), asfollows

Step 6

T T T
2

B t)=B - DoV T TP Lty $ B

(1.5)
Where

Qk (t’t ) :tykTS+t (fk+1 - fk - SI gk) (1.6)

Here
fe=f(x) tifo B] tT0 Tp] t+t3t0t51 T

and To are constants, which are larger than 1. When

t=1 t =0 formula(1.5), that is formula (1.2).

Make (1.5) replace (1.2), the rest procedures are the same to
Algorithm  , the derived algorithms may be written as
Algorithms. The characteristic of Algorithms may be
analyzed asfollows

From (1.5), we gain

Q. (t,t

Bisa (.t s = kT( )yk_
Sk Yk
Qk(t’t)]_l

When t'1 or t11 | T , therefore
S Y

Algorithms B(t I)are not the quasi-Newton methods. And
since  they contain DFP  method, therefore

Algorithms B(t,t ) are called a class of non-quasi-Newton
methods.

To Algorithms B(t t ) , there are two methods to determine

the steplengthl k. One is exact line search, the other is
inexact line search. The paper examines Goldstein line
search, that isto say | k satisfy

f O +1 ki) £ F(x) +rl kgldlo (1.8)
f (X +1di)® F(x) +sl kgldka (1.9)

Where I S areconstant, and 0<Tr <s <1,

SEVERAL LEMMAS AND PROOFS[3][4][5]

In order to discuss the global convergence property of
Algorithms B(t.t) with Goldstein line search, we may
assume objective function f(X) to be as follows

(@ f(x)istwice continuously differentiable;
(b) There exist positive constants m and M such that

miy]” £yt (xly £ My, @Y

and dl YI R" | where and
stands for the Euclidean norm.

For al xi R"
hereinafter I - |l
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Lemmal
T 2
v, Ind
2.2
sl s vk @2
¥ ¥
A 'kIHkIK =@ -k <+ (o3
k=1 k=1
21-s)M 7 21-r)M r)
TSRO ES G T8 O (24)

Proof. From mean value theorem and cond|t|on (@), (b) we
can get (2.2).

Asfor the proof of formula(2.3), see 6

According to mean value theorem and condition (a), (b), we
get

1
f(xk +1 kdk)' f(xk)3 S-I[gk +§m”Sk ”2 (2.9)
From (1.8) we have

F O +1 i) - F (%) ® sy 0x (2.6)
And hence by (2.5) and (2.6) we get

m ” S« ”2£ - 2(1' r )SI Ok (2.7)
Using (2.2)
23 SV 2.8
s IFe = @8
Which, with (2.7), implies that
s Y, £- WS{ g, (2.9)

From mean value theorem and (1.9) we obtain

1
- S1IQ|<+1+§mIISk IIZE-SQI% (2.10)

Therefore from (2.2) and (2.9) we get

m
SOV - (15 S)S{ g+ oSy @D
Which implies that
21-s)M
SV 2 - —————5.0,- 2.12
x Yk oM - m o Ik (2.12)

Lemma?2
Let a >0,b>0for all k31, and there exist positive
constants b1,05 , such that
k-1
a £b+b,q 1,

j=1

(2.13)

¥ b ¥

forall k1 and § — < +¥ ,theng b, < +¥ .
k=1 Gy k=1

Lemma3

There exist positive constants ™y and M1 such that

ms Y £Q, (L) £ M, sy,
For al positive integer k , where Qk(t,t) is from the

definition of (1.6).
Proof. It follows from(1.6) and Taylor's formulathat

Qtt) =tg Y, + A (f(X.0)- F(x)- Nf(x)'s,)
=tg Y, +tSN* (% )s,

(2.14)

(2.15)
where Xk is between Xk and Xgk+1 . From assumed

condition (a) and (b), we obtain

mils IFE SR f(x)s £M IS IF, (216
And from(2.2) obtain
T T
S g)s fpg 20 (217)
M m

Thus (2.7)-(2.9) give

Q. (tt)3 ts]y, +t %
And
Qu(t.t) £tspy,

m
SI Yk 3 to VSE Y«

LTy 3 (T, +T,)—
mkyk (T, z)mSkYk

Let m =t, M, = (T1+T2)%, then (2.14) hold.

Lemma4
If By

then Bk+1(t,t )from the definition of (1.5) is symmetric and
positive aswell.

is symmetric and positive definite for k3 1 ,

Proof. Formula(1.5) can bewritten as
B,ss B,  Q.(tt)
B...(tt) =B, ;kTSkBS:S< “+ (SE yk)z ykyI;r +VkaT
(2.18)
Where
B.s
—(SkBS)( s )
“ ka S;r BkSk
Let
~ B.SS; B, . Q. (t,t)
B, = B, - —kkTk —k 2.19
TR TSRS, (8 %) Y @19

Then from the calculating formula of revised determinant of
rank 2 and rank1, we obtain

det( B, )—det(B)%

wwmm»-ww)%kﬁqawem

From (2.2) and (2.14), we

Q1) .
YkYie i
(shy0? O

positive definite. Thus from (2.19) and the interlocking
eigenvalue theorem of rankl revised matrix, we know that

(2.20)

Where H, = B!

have Q (t,t)>0 and hence Bk*
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the least eigenvalue of B and det( Bk ) have the same sign.

But from (2.20), we know det( Bk )>0, therefore By is
positive definite. Moreover, from (2.21), we know

det( §k+1(t,t ) )>0, thus by using the interlocking eigenvalue

theorem once again, we know that Bk+1(t,t)is positive
definite.

Lemmab

Forall k3 1,wehave

k
(o]
al;? kC (2.22)
j=1
Where C is apositive constant.
Proof. According to Lemmas 3, 4 and the proving process

similarto 3 , wecan provethelemma.
Lemma6
Thefollowing limit holds

img,H,.9, =0. (2.23)
Proof. According to (1.5) and make use of matrix inversion
formula, we get

H 'H ¥
Hk+1(t tt)=H A + 2

2.24
VeH Y Qtb), @
From (2.24) and 9k+1 = 9k T Yk , weget
Ot i =Y H O +29,H, .y, +g;H, g,
T T T T 2
- S Ve +2 S Ve S-:gk-'-g-l:Hkgk_ (g.erkgk)_'_(Skgk)
Qtt) Qtt) YeHYe  Qeltt)
(2.25)
Then
T 2 T
(9.H.9J S G

ykTHkyk = gl Hkgk - ngH k+1gk+l+m (2.26)

Replaceindex K of formula (2.26) with | , and extract the
sumfrom1to K to ] at thetwo ends, we get

é( (gTH]yJ)Z T T C;( (S(rg'ﬂ_)z
— 2= =0/ H.0 - GeHiGmt A —
* ijij] 1111917 Ynt! Tkndka -t Qj(t,t)
(2.27)

But from (2.14), (2.3) and (2.4), we get

2
g(sgkﬁ]_) —aAJg]+ZSTg +Syu
2 Q) miagsy, ¢
1 2(2s - h)Mm- m*+4(1- r)(1- s)M?* & ,
£— -s'Qg.
m, 2(1- s)Mm ,-a='1( 59)
(2.29)

For 0<r <s <1,wehave
2(2s - YMm- m? +4(1- r)(1- M2
> 2(1- s)* +(2s - DIMM+[2(1- s)*- m’

>(2s - )3 0
And hence by (2.27) and (2.28) we get

T 2
¢ (597 _
2.29
= Qi(tt) (2.29)
Therefore from (2.29), we get
¥ TH v.)? x (s'g. )?

o] (gJT JyJ) <gIngl+é ( Jgj+1) <+ (230)
=1 yjH'yj j=1 Q‘(tt) .
From (2.27) (2.29) and (2.30), we know kl(l@m¥ gk Hk9k

LT
exists. If I<I(I®m¥ 9 HkIk >0 | then from (2.3)
3
a I'k <+¥ is known, that is in contradiction with (2.22),
k=1
therefore (2.23) is correct.
ool
Let 'k = , then from (2.4) and (2.23), we know
S Vi (2.4) (2.23)

o OkHKOK _ : :
lim =—=%=0
®¥ 1 , therefore there is a subsequence, which

is monotone decreasing towards O,
ok Hige P

! Y.

f % b

Lemma?7

Let | =(nym )3,then

2 3 2
lo/| * Mo

Holdsfor J =K, k- 1%,
Proof.see 4

in the sequence

(2.31)

GLOBAL CONVERGENCE RESULTSI[6][7]
The main results of this paper are introduced and proved as

follows.
Theorem1. Assume conditions (a), (b) holds, and {%c} tobe

a sequence derived from Algorithms B(t i ) , if one of the
following two conditions holds

& H, g, 0

2 2 2
- - :O I,
lad"- I s
. ]
tngkgky <

(i) when K is sufficiently large, }

(i) |9

Ik b
monotone decreasing, and S <—+|§ m 9 then
9 oM & Mg’

Algorithms B(t ,t) has global convergence property
lim inf |g,[|=0 3.1
k ¥3,® ¥

— y-JrHJgJ ,Weget

i I’J'

Proof. From (1.5), (2.3), (2.6) and S, ¥,

(B,,)=tr(8,)- 2%B3 1 (Q (1) +5B sk)ﬂjk")

k
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Bs s L
TJJ+aQ +SJBJ'SJ' Ty P
47234 Q) sms )

:tr(B)+§_1IJQ|gj+1 'ST|31" _ ||yl|| )

: Q (1) +s/Bs v

= s/ sy,

J

2)+

vy

=2 SJ‘ng
§M| +MMk. (3.2)
= 2(1- s)’

Assume condition (i) holds, and |<I(i®m¥ inflak|| > 0, then there

is >0 such that
la.= e (33)

For all k31 . From condition (i), there exist positive
constant L such that
2 2 gTHg
lo. vl e L=
i
Thatis
2 2 2
fjmgm ) "91" ) ||yJ|| )£L (39
giH,g,
foral j*1.From(3.2) (3.4)and(2.22), we get
tr(B_)£tr(B)+LR+2M M4 | + M MR
“ 2t-s) = 1
& 2M - mQg
£tr(B)+C=+MM, +=— "33 | (35
r( 1) gc 1 2(1_ );2-1 .
From (3.3) (2.3) and, (B "B || " , we know
J J
g | g, H.9 1
— S| £— H < +¥
Eltr(B) a_-l ||g " ez ot kgk gk
(3.6)
¥
Thus, fromLemma2 (3.5) and (3.6) weknow @ !k <+¥
k=1

this is in contradiction with (2.22).
Now assume condition(ii) to be correct, still suppose

m g
lim inflgk| >0 then (3.4) holds. Let e v
k® ¥ ’ ' mF—
1-s
then
o<m<L1l (3.7)

From condition(ii), we know that there exists a positive
integer Kg such that whenk 3 K,

g-k:HkogkO 3 gl;r0+1HkU+1gk0+1 3 >°°<3 gIHkgk 3 )00&38)
I r r

ko ko+l k

We assume without loss of generality that Ko =1. From

(3.8).&2.4) and (2.31), we obtain
2 2 2 2 2 2
5 J |gj+1 ) ||gl|| . ||yl|| )£§2 Na95a] ri"gJ” 3
T = T >
i=1 ngjgj :gg]-ﬂ 19 ngjng
ékg r, . M ag 2
negHO, 9LH.0.0 "
2 2 - N
£ rk+1 gk+1 _ I’1"91” _ & ? rj+1 _ ri lZI
g:+1Hk+1gk+1 gIngl jzlég-jr*lHngi*l g-JI—HJng’.]
lo..|
=, (1] 09 g. )
9.H .9, sl 1)- g/H 191 ol - 1s..
m A
- Sd)
€ 2M 5 lg,. 3.9)
£ 1' S g-jr+1H jH I+l £n1|Bj+1 Emr (Bj+1)

Therefore from (3.2), (3.9), (3.7) and (2.22), we obtain

N

r(B),¢ 2M-m MM, Ug
tl’(Bkﬂ)E - m 82(1 m)(l S)+C(1 m)Lﬁ'I j
(3.10)

As the form of (3.10) is similar to that of (3.5), and hence
(3.6) holds too. Therefore from (3.6),(3.10) and Lemma 2,

we know g | <+¥ which contradicts the (2.22), thus
]
j=1

(3.1) must hold.
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