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Abstract

In this paper, we propose a new model for
improving lot size as obtained on applying the model
given in “An integrated inventory model for a single
vendor and multiple buyers with ordering cost reduction”
(Int. J. Production Economics 73 203-215) proposed by
Woo, Hsu, and Wu (2001) and our model provides a
lower or equal joint total relevant cost as compared to
Woo, Hsu, and Wu's model. And a numerical study based
on the example used by Woo, Hsu, and Wu is presented.

1. Introduction

Reducing inventory levels of raw materials,
work-in-process, and finished items simultaneously in
different stages has become the major focus for supply
chain management. In recent years, there has been a
growing trend in both research work and practical
applications of VMI vendor managed inventory  policy
for various industries. Goyal (1977) [3] proposes a joint
economic lot size (JELS) model where the objectiveisto
minimize the total relevant costs for a single vendor,
single buyer system. Banerjee (1986) [1] generalizes
Goyal's model by incorporating a finite production rate
for the vendor and gives the optimal joint production or
order quantity. Goya (1988) [4] extends Banerjee's
model again by relaxing the lot-for-lot production
assumption and argues that the economic production
quantity will be an integra multiple of the buyer's
purchase quantity and shows that its model provides a
lower or equal joint total relevant cost as compared to
Banerjee's model. Kohli and Park [5] investigate joint
ordering policies as a method to reduce transaction costs
between a single vendor and a homogeneous group of
buyers. They present expressions for optimal joint order
quantities assuming all products are ordered in each joint
order. Lu [6] considers a one-vendor multi-buyer
integrated inventory model and gives a heuristic
approach for joint replenishment policy. Banerjee and
Banerjee (1992) [2] consider an EDI-based
vendor-managed inventory (VMI) system in which the
vendor makes al replenishment decisions for higher
buyers to improve the joint inventory cost. Woo, Hsu,
and Wu (2001) [7] extend the previous work to three
level supply chain in which raw materials and EDI are
considered. In the work, they considered that the

replenishment cycle is an integral multiple of the
common replenishment cycle of the vendor and all
buyers. The work also relaxes the lot-for-lot production
assumption and performs a good effect since many
optimal integer multiple used in the numerical example
of Woo, Hsu, and WU's paper are greater than 1, that is,
the replenishment cycle of raw materials is no less than
that of finished items. This may be true when ordering
cost per raw material order for vendor is quite high, the
inventory cost for raw materials is relatively low and the
ordering cost for finished itemsis quitelow etc. Otherwise,
the replenishment cycle for raw materials may belessthan
that of finished items. So In this paper, we propose a new
model for improving lot size as obtained on applying the
model given in “An integrated inventory model for a
single vendor and multiple buyers with ordering cost
reduction”(Int. J. Production Economics 73 203-215)
proposed by Woo, Hsu, and Wu (2001). And a numerical
study based on the example used by Woo, Hsu, and Wu is
presented.

2. Assumptionsand Notations

2.1 Assumptions
1. Shortages are not allowed for the vendor.

2. The information of each buyer's replenishment
decision parametersis available to the vendor.

3. The planned ordering cost for each buyer depends
on the expenditure incurred per unit time to operate the
new ordering system. This expenditure could be the
leasing cost of equipment and the operating cost to keep
the system working effectively.

4. The vendor purchases raw materials outside to
produce finished items. The procurement cycle of raw
materials is assumed to be an integral multiple of the
common replenishment cycle for finished items or the
common replenishment cycle for finished items is
assumed to be an integral multiple of the procurement
cycle of raw materials.

Assumptions 1-3 follow the assumptions of Woo, Hsu,
and Wu (2001), and assumption 4 is a relaxation to that



of Woo, Hsu, and Wu (2001).

2.2 Notations

TG,

TC

Number of buyers considered

Index of buyers

Demand rate for buyer i, which is a known
constant

Integral fraction
denominator is an integer and numerator is
one, which indicates the production batches
per raw material procurement cycleand nis

number or which

adecision variable

Expenditure per unit time to operate the
planned ordering system between vendor
and all buyers, which isadecision variable
Common cycle time for buyers, which is a
decision variable

Fraction of backlogging time in a cycle for
buyer i, which is adecision variable

Usage rate of raw materials for producing
each finished item

Ordering cost per raw material order for
vendor

Setup cost for production run for vendor
x=0if n>1 and x=1if n<1l whichis
abinary variable

Original ordering cost per buyer i‘s order
Planned ordering cost per buyer i‘s order,
which is a drictly decreasing function of

K with T,(0)=T, and T,(K,)=0

Carrying cost per unit of raw materials held
per time for vendor

Carrying cost per finished item held per unit
time for vendor

Carrying cost per unit held per unit time for
buyer i

Backlogging cost per unit backlogged per
unit time for buyer i

the buyer i’s total inventory cost for finished
items per unit time

Vendor’s total cost per unit time for finished
items

the inventory cost of finished items for all

TC,
buyers and the vendor

HC,, Vendor's carrying cost per procurement
cyclefor raw materialswhen n>1

TC,, Vendor’s total cost per unit time for raw
materialswhen n>1

JTC Joint total cost per unit time for vendor and
al buyers

He Vendor's carrying cost per procurement

" cycle for raw materialswhen n<1

TC, Vendor’s total cost per unit time for raw
materialswhen n<1

3 Modd

The behavior of inventory levels for the vendor and
al buyers for finished itemsisillustrated in Fig.1 which
is the same as that of Woo, Hsu and Wu's. Therefore, the
buyer i's total inventory cost for finished items per unit
timeis

_T(K) . C

TC, +E[Hbi (1-f)?D, +L f?D] (1)

The vendor’ sinventory for finished itemsis
m D 2C?2 CH,_=m
D=2+ 2230 ()
= 2P CcC 2P FH
Then the inventory cost of finished items for all
buyers and the vendor is

2. T(K)
C

1
TC, =Z[S+H,

Cm

TC, = +E§[Hbi(l_ f)?D +L f’D]

+§+ C;PV" :1 D?.

The inventory levels for raw materials in the paper
of Woo, Hsu and Wu (2001) is illustrated in Fig.2. The
arrival of each raw material procurement will coincide
with the start of a new production run. The procurement
lot size of raw materials is equal to n multiple of the
usage of each production batch and hence each
procurement cycle equals nC time units. The stock of raw

materials will be consumed continuously during each

3

production run period Zi"llDiC/P, and then be held

until the next production run starts.
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Fig. 1. Theinventory level for finished items

Therefore, the vendor's raw materials stock per
procurement cycle consists of n triangles and (n-1)
rectangles and the carrying cost for raw materials per
cycleis

HC, = Hol5 (M Y, D no) &P 1D'C)
+Z(JMZ| =1 '

nMH n(n—-1)MH
= vm (Z D.C)? + MZ(DC ). (4
2P
Thus, the vendor’s total inventory cost for raw
materials per unit timeis

A

TC,, =—(A +HC,)=—+ MHV”‘ZDi(n—l
nC 2 =

Z| =1 ' (5)

From the inventory formulation of raw materias
above, the least procurement cycle of raw materialsisthe
common replenishment cycle, C. These may be true
when the ordering cost per raw material order for the
vendor is larger enough than setup cost per production
run for the vendor. However, if the ordering cost per raw
material order is small, for example, all raw materials
being sent by al suppliers of the vendor or in JIT (just in
time) setting), the procurement cycle of raw materials
may be relatively short comparing with that of the
common replenishment cycle for all buyers. In this
setting we assume the usage of each production batch is
an integral multiple of the procurement lot size of raw
materials. That is, the procurement cycle of raw materials



is the fraction multiple of the production run of finished
items. For the fraction (notified by n), the denominator is
an integer and the numerator is one. By this policy, the

Iheinventory level of raw materials
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change of inventory levels of raw materials is shown in
Fig. 3.
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Fig. 3. Another kind inventory level for raw materials

The vendor's raw materials stock per procurement
cycle consists of n triangles and the carrying cost of raw
materials per cycleis

m " DC
nMH Z(DIC)(Z'—+)
nMC H,, (ZD) ©)

Thus, the vendor s total inventory cost for raw
materials per unit timeis

C1 .. A NMCH, =
TC,, =—(A+HC, ) = —~+—m (3 D)2. (7
m = m) ==t op (.21: ) (7)

Therefore, comparing with lot-for-lot policy and
that of Woo, Hsu and Wu (2001) a more general model
(notified by GM) is proposed here.

Model GM:

min  JTC=K+TC, +(1-X)TC,, +XTC,,

K,n,C,x, f;

—K+—[—+S+zl 1TI(K)]+ Z[Hb,(l f)°D,

o o, CMH
52D’

i=1

+L fizDi]+

m



—x)ZD(n 1+Z' 1D')+xn(zi:1Di) 1, ®)
P P
subject to:
1-n<x(}." DC), 9)
> D<P, (10)
T(K)=T,e™, r-0andi=12,...m (11)

where K, f; and C are nonnegative variables; x is abinary

variable; and ne{i,...,i,],z,...,oo} .
0 2

4. Analysisof the Model

Model GM gives an dternative for raw material
procurement cycle; one is that the procurement cycle is
integral times common cycle time and another is that the
common cycle time of finished itemsisintegral times the
procurement cycle of raw materials. When n>1 the model
in this paper is the same as that of Woo, Hsu, and Wu
(2001). From the paper of Woo, Hsu, and Wu (2001), the
optimal result is derived as:

Hbi
LTI 4
:\/Z[A/n+5+z T(K)] w9
HZI 1 i
. nin-D< as <n(n +1) ifG>0
n(K)= MH,(S+D . T(K)
1 ohewiss
(14)
. Lin Hr>.ub if >N,
K'=qr 1+\/1+2Hr22i:1Di((A/n)+S)
0 otherwise,
(19)
where
H:MHm(n—1+Z:1D')+ ENT e
P D P =
i bi | |] (16)

o H, +L

m

—Mva(l——Z‘;Di), 17)

= 2(S+ ZirilTOi )- Grzz:‘ll D, (Zin;lTOi )2
2MH,,r 37,0 (T’

2s+3 1) -6 D)
2MH,r*>"" DY T,)°

8AMvarZZin:1 Di (Zin:lTOi )Z}M (18)
ZMvarzzirilDi (Z:irzl-rOi)2 .
We havex=1from Model GM when n<1l. Model

GM can be rearranged as model RGM.
Model RGM:

min, Jrc K+—[—+S ST (K)]

K,n,C,x, f i=1 i

= Z[Hb,(l f)°D, +L f?D]

i=1

CH, & 2, NCMH wOmD)
2P

(19)

subject to Equations (10) and (11).
From Equation (19), for any given C, K, and n, the
optimal value of f, can easily be obtained as
Hbi
By substituting (20) into (19) and rearranging the

(20)

result, we can have

e s 3T (0 I3 ekl
JTC—K+C[n+S+Zi:1Ti(K)]+Z[EHbﬁ'L‘

va m ) nMH (Z. =1 '

TIZ:;D. ) 2 ] (21)

From Equation (21), for any given K, and n, the
optimal value of C can be obtained as

B AAM+S+Y" " T (K)]
) H Z| =11

: (22)

where



nMH D, H

Zl—l [ + 1 [_ Di2+sz|L|D|]

P S"Dp P S Hy, +L
(23)
Subsgtituting (22) into (21), the joint total cost for

any given K and n becomes
JTC (n,K)=K +\/2H D, [§+ S+ T (K. (24)
i1 n -

Theorem 1 For any fixed K, the optimal value of n
for (24) can be determined as

MH S T (K
%(1—n*) w2 Dl +Z,1 ( )] ( ey
n PB
(25)
where
- [ﬂzm:D.2+Zm:Hb' —5 7 1] ( see Appendix A
ZLDi P& iz Hy, +L
for proof).

Lemma 1 With the increasing of K, n" is decreasing
and the minimal n" is bounded by the case when K=0
(see Appendix B for proof).

Lemma 1 implies that the greater the expenditure in
ordering cost reduces the shorter raw materials
procurement cycle is. When n'=1, JIT setting occur. It is
intuitively appealing and also the main reason why the
integrated inventory system is willing to invest to reduce
the ordering cost.

Theorem 2 The optimal K can be determined by

_| Hr22|l 'le Oi
K'=1" 14 1+ 2HT?Y " D (A/N)+)
0 otherwise,

(26)

if >N/,

whereN' =

P(2(S+ ZLTOi) - BrZ(ZLTOi )?) +{8PAMHWr2(ZLTO )?

. [P(S+Y." T,)-Br*(Q. " T, 1H?
2MH (X T, ) |

(see Appendix C for proof)

(27)

5. Algorithm Steps

Through the above analysis, we present an
algorithm for solving Model GM by the following steps:
Step 1. Give the al solutions by Equations (14)-(15)
which are given by the paper of Woo, Hsu, and Wu
(2001). If n>1, these solutions are considered as the
optimal solutions of Model GM, set n=0 and go to Step 3;
else, go to Step 2.

Step 2: For eachne{n|n(K =0)<n<1}, caculate the

corresponding optimal K by Equation (26), and give the
optimal K and n. Then gives the other optimal solutions f;
and C by Equations (20) and (22), set n=1 and go to Step
3.

Step 3: substitute the optimal n, K, f; and C into Equation
(8), and get minimal JTC.

6. Numerical Analysis

This section presents numerical example to Model
GM. Some of related input parameters which no change
come from the paper of Woo, Hsu, and Wu (2001) are
given in Table 1. The other parameters changed are
shown in Table 2. These parameters are changed five
times and the corresponding results are shown in Table 2
too for comparing with the policy of Woo, Hsu, and Wu

2MH, 23" To)? e .
= (2001). The unit timeis one year and the monetary unit is
U.S. dollar.
Tablel Vauesof input parameters
Parameters Value Parameters Value
D. (ie{1,23}) 1000 P 60000
M 1 R 0.01
Hy (1€{1,23}) 8 L (ie{123}) 20
Hom 2 Hy, 4

Table2 Five selected points and the corresponding results




Selected point 1 2 3 4 5
A=20 A=20 A=200 A=200 A=600
Parameters S=1000 S=300 S=300 S=200 S=200
T, =200 T, =200 T, =200 T, =100 T, =100
n=1 n=1 n=1 n'=2 n'=3
K'=413 K'=471 K" =449 K'=417 K'=412
Results 1° C'=0.096 C'=0.054 C'=0.068 C'=0.047 C'=0.049
f'=0.29 f =0.29 f =0.29 f'=0.29 f’=0.29
JTC'=21767 JTC =12476 JTC =15429 JTC'=13512 JTC'=17039
n=13 n=12 n=1 n'=2 n'=3
K =406 K =464 K" =449 K'=417 K'=412
Results 2 c**=0.10 c**=o.055 c::o.oes c**=o.047 c::o.oeso
x =1 x=1 x=0or1l x =0 x =0
f'=0.29 f =0.29 f =0.29 f'=0.29 f’=0.29
JTC'=21171 JTC' =12412 JTC =15429 JTC'=13512 JTC'=17039

"The results with the policy of Woo, Hsu, and Wu (2001).

From Table 2, we have two interesting findings:
1. When x"=1 the joint total cost with Model GM s less
than that of Woo, Hsu, and Wu (2001), such as points 1
and 2. In these settings, n"=1 with the policy of Woo, Hsu,
and Wu (2001). However since in these points A is lower
and S and Ty; are higher than those at point 3, the vendor
prefers more ordering times in a common replenishment
cycle C, and we have a lower joint total cost than the
results with the policy of Woo, Hsu, and Wu (2001). For
example, at point 3, n'=1 and JTC =$21767 in results 1,
however n'=1/3 and JTC'=$21171 in results 2. Model
GM adopts the policy of ordering three times in one
common replenishment cycle while lot-for-lot policy is
implemented with the policy of Woo, Hsu, and Wu (2001)
and the joint cost is reduced from $21767 to $21171 by
$596
2. When x'=0, n>1 the results with Model GM are the
same as those with the policy of Woo, Hsu, and Wu
(2001) wheren” > 1, such asat point 3, 4 and 5.

7. Conclusion

In this paper, ageneral model and the corresponding
algorithm are proposed.
example, it can be seen that Model GM provides a lower

From the last numerical

or equal joint total relevant cost as compared to that of
Woo, Hsu, and Wu's model.

The results with Model GM
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Appendix A:
For any fixed K, the minimization of JTC (n,K) in

Equation (24) is equivaent to

+Z :E'L'?:]}[ +S+y " LT (K)]

in AVH, > D o MH, > D[S+> " T (K]

" P P

HVD " HbILIDI
-[_ZDi +ZHbi+L|]

1 HVD S 2 HbILIDI
+Z{‘;Di[?§D ZH LS+ T (K]

(A-1)

Thus min JTC (n,K) isequivalent to

MH ZI =1 '[S+Z| 1T|(K)

min{n
n



A P S HbILIDI _
ZI =1 i ?Z Z:I‘Hbl—i_L|]}. (A 2)
And let
Y(n) =1 MH,, > " D[S+ " T (K)]
nP
S Hbl LIDI
Z —1D' zl Z Hbl + |:|

and n :l,wehave
n

Y(N'+D)-Y(n)=

1 MH, > " D[S+> " T (K)]
n(n+)) P
z.-l . FroEy e A9

and

[Y(n +D-Y()]-[Y(n)-Y(n -1)] =

2 MHV"“Zl =1 '[S+Z| 1T (K)]
n(n?-1) P

(A-4)

So Y(n) is a srictly convex function and the

sufficient and necessary condition for Y(n) to be
minimal at nistherefore

Y(N+1)-Y(n)>0 andY(n -1)-Y(n)>0 .

Thatis,
n'(n'—1)<MH w2 PIS+ X AT (K )]<n'(n'+1).
PB
Therefore,
iz(l—n) MH le ,[S+Z T.(K)] iz( ned).
n PB n
Appendix B:

When n<1,

—[iz(l— n)] = ”r:sz <0 and

0
an
9
an

1 -n-2
e

[ @+n)]=—5—<0.
n

So we have the minimal n when

MvaZ [S+zl LT.(K)]

PB

get its maximum.

Since

o MHL T, .[S+Z, LT
oK

_MH, 37D i OT,(K)
PB 2 oK

_MH, > "D i 8T (K)
PB 2 oK

MH
— Vm2| =1 i Z T re—rK

- j=1 O

MvaZ [S+zl LT.(K)]

PB

is a decreasing function

with respect to K.
So when K=0, n" get its minimum.
That is,

n(K=0)<n<1.

Appendix C:

From Lemma 1, we know that ne{],

I\D|H
ooll—\

., N (K =0)} for any n. that is, n is numerical. So we can

calculate optimal K to minimize JTC(n,K) for any
fixed n. So for any fixed n, from

iJTC' (n,K)=
oK

1+\/ HEID 5 1K)

2A/n+S+ ZHTi (K]~ oK

H>" D
=1- — 1T re™ =0, (C1
AAM+S+> " T,e™ ]!




the solution of Equation (C-1), notified by K; can be
obtained as

H'r? " T
Klziln le i i=1 O

: (C-2)
" 14 \[Le2HT?Y " D (A/N)+9)

and

iaw(l)‘ AAM+S+3 " T (Ky)]
= 0K, H> " D, '

(C-3)

Since

Hle i rmaZTi(K)
AA/N+S+Y T (K] & oK

O*ITC (nK) _
oK?

3 @T(K) K
AAMN+S+Y T (K

, substituting (C-3) to Equation (C-4), we have

PJTC(nK,) _ \/

(C-4)

H 'nlei deTi Kl
pI (3O

02JTC (n,K
PMEOK 5o, ©

That is, JTC(nK,) is a strictly convex function

and have only a unique solution in Equation (C-1).
So if K;>0, the optimal K isKj.
Notethat K;>0if and only if

2
HEY LD LT >1.Thatis,
1+\[1+2HT*Y." D,(A/n)+9)
Hr?Y " D

>1+,1+2HT?Y." D,(AI)+S) . (C-9)

By rearranging the inequality and taking square for
both sides, we can have

(H‘rZZin;Dl Zin;lTOi _])2

K’ AAN+S+Y T (K)] T dK/ >1+2HT?) " D ((A/n) +9). (C9)
Thatis,
: (C9) MH, " D
H ZI =1 i ((nvm—PZI_l| B)r22| =1 'Z| =1
Si "D
nee >1+ 2(w+ B)r*y " D ((A/n)+S)
n goT (k) 1+y1+2HT?Y" D,(A/n+S) o P
le dK2 HY" D, (n+H M){MH DO Tt - P(2(S
(C6) 3" T)-Bri (Y T,)})n-2PA> 0. (C-10)
E Z‘l ' BP
heti
we have thatls, (n+ vaM)
( P(S+Y." T,)-Br’ Q" T,)%) +\/8PAMvar2(ZLTOi ) +[P(2S+Y." T)-Br’ Q" T,)°1
x(N—
2MH, 1?37 T,)?
( P(S+Y." T,)-Br’ Q" T,)%) —\/SPAMvarZ(ZLTOi Y +[PAS+Y." T)-Br’ Q" T)°1
x(N—
2MH, 1?37 T,)?
(C-11)

Therefore, K;>0 if and only if
n>

P2S+Y.",

Ta) =B (3 Ta)") +BPAMH,, (3 Ty ) +P(2AS+ 3T,

T)-Br*Q." T,)°T

2Mvar2(ZLT0 )2



Else, there is no solution in Equation (C-1). The

optimal K is zero since JTC (n,+o0)=+c0 .
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