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Abstract

Many business decisions can be modeled as multiple
objective linear programming (MOLP) problems. When
formulating a MOLP problem, objective functions and
congtraints involve many parameters which possible
values are assigned by the experts who are often
imprecisely or ambiguously known. So, it would be
certainly more appropriate to interpret the experts
understanding of the parameters as fuzzy numerical data
which can be represented by fuzzy numbers. This paper
focuses on fuzzy multiple objective linear programming
(FMOLP) problems with fuzzy parameters in any form of
membership function in both objective functions and
constraints. Based on the related results of fuzzy linear
programming (FLP) and linear programming problems
with fuzzy equality and inegquality constraints proposed by
Zhang et al, this paper firstly proposes related definitions
and concepts about FMOLP problems with fuzzy
parameters. It then proposes a new approximate algorithm
developed for solving the corresponding MOLP problems
and the FMOLP problems. Finaly, the use of related
concepts, theorems, and the proposed approximate
algorithm is illustrated by an example involving different
cases which include setting various iterate steps,
tolerances, weights, and satisfaction levels.

Keywords: Optimization; Decision support technology;
Multiple objective linear programming; Fuzzy multiple
objective linear programming, Approximate algorithm.

1. Introduction

Most of decision-making problems in the real world
take place in an environment in which the goals, the
constraints and consequences of possible actions are not
known precisely [1]. In order to deal with such decision
situations, fuzzy set theory has been applied into
decision-making models.

Multiple objective linear programming (MOLP) is one
of the popular methods to deal with complex and
ill-structured decision-making. When formulating a
MOLP problem, various factors of the real world system
should be reflected in the description of the objective

functions and the constraints. Naturaly, these objective
functions and constraints involve many parameters which
possible values are assigned by the experts who are often
imprecisely or ambiguously known [2] [8]

With this observation, it would be certainly more
appropriate to interpret the experts’ understanding of the
parameters as fuzzy numerica data which can be
represented by fuzzy numbers. The fuzzy multiple
objective linear programming (FMOLP) problems
involving fuzzy parameters would be viewed as a more
realistic version than the conventional one[2] [8].

Various kinds of FMOLP models have been proposed
to deal with different decision-making situations which
involve fuzzy values in objective function parameters,
constraints parameters, or relationships. Transforming a
FMOLP problem into a crisp programming problem is
still employed by researchers [3] including methods
proposed by Tanaka and Asai [9], Lai and Hwang [4],
Luhandjula [5], Wierzchon [10]. Although various
approaches have been made to solve a FMOLP problem
with fuzzy parameter, however, most of workslisted above
are dealt with the fuzzy parameters with symmetric
triangular, trapezoidal, or some kind of symmetric
membership functions. Zhang et al [11] [12] proposed one
method to solve a fuzzy linear programming (FLP)
problem by transforming it into a corresponding
four-objective constrained optimization problems and
another method to formulate linear programming problems
with fuzzy equality and inequality constraints. Based on
that, this paper develops an approximate algorithm for
solving the proposed FMOLP problems with fuzzy
parameters in any form of membership function in both
objective functions and constraints..

This paper is organized in five sections. The
introduction of the related concepts about fuzzy set theory
is made in Section 2. A review of related definitions and
theorems for solving FMOLP problems with fuzzy
parameters in objective functions and constraints are
described in Section 3. The core idea of the approximate
algorithm proposed for solving FMOLP problems is
described in Section 4. An exampleis presented in Section
5 and aimed at demonstrating the concepts and methods
for solving a FMOLP problem.



2. Related Definitions Used in the Paper

Definition 2.1  Let X denotes a universal set. Then a
fuzzy subset A of X isdefined by its membership function

g5 X 03], 1
which assigns to each element xe X areal number 4 (x)
in the interval [0, 1] where the value of 4 (x) a X

represents the grade of membership of xin A [6] [11].
Definition 2.2 A fuzzy set A isconvex if and only if

153 (A% + (1= 2)%,) 2 min(u (%), 415 (%)) @
for every x,x, e X and1e[0]] [6] [11].
Definition 2.3 A fuzzy number is a convex normalized

fuzzy set of thereal line R* whose membership function is
piecewise continuous [6] [11].

Let F(R)and F"(R) bethe set of all fuzzy numbers and

the set of al finite fuzzy numbers on R respectively.
According to the decomposition theorem of fuzzy set, we
have
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for all @ € F(R), where R, isall rational numbersin (0, 1]
[11].
Definition 24  Let @, e F(R)with the membership
functions,., (x)and ;(x) respectively, and 0<ieR. The

addition of two fuzzy number & + 4 and the scalar product
of 2 and a are defined by the membership functions

H{;+/;(Z) = S;'Py miniﬂa (x) ﬂ;(Y)}v ©)

1a(2) = maxfo.sp, (), (6)
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Form the decomposition theorem of fuzzy set and the
Definition 2.4, for any two fuzzy number @ and S ,
and0<aeR,0<pBeR
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Let F(R")and F*(R") be the set of al n-dimensional
fuzzy numbers and the set of al n-dimensional finite fuzzy
numbers on R respectively [11].

Definition 2.5 For any two n-dimensional fuzzy
numbersz, 3 e F(R"), we define
() @ » piff a>p% and of>p%,i=1...,n,2¢[0d]
(2) @ = Biff at>ps and ol>p%,i=1...,n, 4 <[0]]
(3) @~ Biff at > . and o} > g%, i=1...n, 1<[0]]
[11].

3. Fuzzy Multiple Objective Linear
Programming and Related Definition and
Theorems

In this paper, we now consider the situation that al
coefficients of the objective functions and constraints are
fuzzy numbers parameters in any form of membership
function, then such FMOLP problems can be formulated as
follows:

(FMLOP) | Maximize f(x)=Cx (10)
st. XEX={XeR”|,Z\ij,x20}

where Cis an kxn matrix, each element of which ¢ is

fuzzy number represented by membership function Mz (%)

A isan mxn matrix coefficients of the constrai nts, each
element of which 3, is fuzzy number represented by

membership function 4 (x), b isan m-vector of the rhs,

each element of which Ei,isfuzzy number represented by
membership function Hs (x), and x is an n-vector of

decision variables, xe R".

In the proposed FMOLP problems, for eachx e X, the
values of objective function f(x) are fuzzy numbers.
According to the definition 2.5, we have the following
definitions about FMOLP problems.

Definition 3.1 x"is said to be a complete optimal
solution, if and only if there exists x" € X such that
f(x B-F (%), i =1....k, forall xeX.

Definition 3.2 x"issaid to be a Pareto optimal solution,
if and only if there does not exists another x e X such that
f,(x)=F, (x ), for all i.
Definition 3.3 X is said to be a weak Pareto optimal
solution, if and only if there does not exists another
xe Xsuchthat f(x)> f,(x), for al i.

Associated with the FMOLP problems, let’'s consider

the following multiple objective linear programming
(MOLP,) problems:

Maximize ((C: ,x).(C5.x)),v4 < [01]

(MOLP,)
JXE R" | Arx < by, ATX < b,
st. Xe X = S
|x=0,vieo]]
(11)
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Definition 3.4 X is said to be a complete optimal
solution, if and only if there exists x' e X such that
f.(x)= f,(x),i =1, ...,k foral xe X [7].

Definition 3.5 x issaid to be a Pareto optimal solution,
if and only if there does not exists another xe X such that
f.(x)= f,(x'), for al i and f,(x)= f,(x) for at least one |
(7.

Definition 3.6 X is said to be a weak Pareto optimal
solution, if and only if there does not exists another
xe Xsuchthat f,(x)> f,(x'),i=1,...,k[7].

Theorem 3.1 Let x € X be a feasible solution to the
FMOLP problem. Then

1. x'is a complete optimal solution to the problem if
and only if x"is a complete optimal solution to the
MOLP; problem.

2. X isaPareto optimal solution to the problem if and
only if x" is a Pareto optimal solution to the MOLP,
problem.

3. x isaweak Pareto optimal solution to the problem if
and only if x" isaweak Pareto optimal solution to the
MOLP; problem.

Proof. The proof is obvious from Definition 2.5.

In the next section, we will propose an approximation
agorithm to solve the MOLP, problem and the FMOLP
problem.

4. An Approximation Algorithm for Solving
FMOLP Problem

Based on the definition of FMOLP problem and
MOLP, problem and Theorem 3.1, an approximation
algorithm is proposed as following for solving MOLP;,
problem, the solution of which is equally the solution of
FMOLP problem.

For the simplicity in presentation, we define

X, = {xe R"|Alx<b}, Afx < b?, x>0} 1e[0]]

The main steps of the approximation agorithm are
described asfollows:

Let the interval [0,1] be decomposed into m mean
sub-intervals with (m+1) nodes 4 (i =0,---,m) which are
arranged in the order of 0=4,<4, <---<A4,=1, then

definey m _ ﬁ x , » and denote

(MOLP,),,| Max ({c; ,x>,<cf,x>)T 0=2 <..<a =1
st. xe X™
(12)
Sep 1: Set m=1, then solve (MOLP,),, for (x),,, where
(X) = (%, %,,-+-,%,),,» @nd the solution is obtained
subject to constraint xe X™.

Sep 2: Solve (MOLP,)om for (x),,-

Sep 3 1 (%), — (X)) <&, the solution x” of MOLP;
problemis (x),,,. Otherwise, update mto 2mand go

to Step 2.

Setm=1,2=0and A;=1

Convert FMOLP problem into initial nonfuzzy
(MOLPXL),,, problem by converting each
f,(x)=¢ xinto 4 nonfuzzy objective functions

and each 3 x<p into 4 nonfuzzy constraints

Generate solution (x),, for (MOLP,)y, problem

Insert m new nodesinto interval [0,1] and let
each new node 12i+1 = (ﬂzi + ﬂznz )/2

Y
Generate new (MOLPX),, problem by
converting each f (x)=¢ xinto 2*(2m+1)
nonfuzzy objective functions and each
& x=b, into 2*(2m+1) nonfuzzy congtraints

}

Generate solution (x),,, for (MOLP,),,problem

Update N
mto 2m

Y

Diagram 1: The data flow diagram for the
approximate algorithm

Initidly, in step 1, the interval [0,1] is not split, only
4 =0 and 4, =1 are be considered, then, each fuzzy
objective function f (x)=Ex is converted into four
corresponding nonfuzzy objective functions
(<t ). (e )8 x), (R X)) T=1.....k . This conversion
also applies on constraints in the same way. The solution
(x),,is based on new nonfuzzy objective functions and
constraints.



In step 2, theinterval [0,1] is split further. In this step,
suppose there are (m+1) nodes 4 (i=0,2,...,2m) in the
interval [0,1], and m new nodes are inserted and
Agiy = (Ay +25,,)/2 . Therefore, each fuzzy objective
function f(x)=cx is converted into 2*(2m+1)
corresponding nonfuzzy objective functions, and the same
conversion happens on the constraints. Suppose that the
number of fuzzy objective functions and fuzzy constraints
are k and | respectively, the total number of nonfuzzy
objective functions and constraints are 2* k* (2m+1) and

2*1*(2m+1) respectively. The solution (x),,, is also based
on new nonfuzzy objective functions and constraints.

In step 3, if the difference between two of solutions
(x),,and (x),,,in two consecutive steps is within the preset

tolerance, the solution of current step is the fina result;
otherwise, the algorithm needs more iteration.
We can shift the low bound 4, of interval fromOto 1to

increase the setisfaction level. When 4, =1, the original

fuzzy problem will be changed to crisp problem.
The detail dataflow diagramislisted in Diagram 1.

5. Anillustrative example
5.1 Thedescription of an example of FMOLP

In this section, let us consider the following FMOLP
problem with two objective functions:

~ f c c
max f (x) = max .}(X) = max[‘i“x1 * S}ZXZJ (13)
f, (X) CaX +CypX,
8% + 8%, <b;
St &, x +a,x, <h, (14
531)(1 + 532 XZ = l5’3
541)(1 + 542 X, < b4
Where membership functions of coefficients of objectives
and constraints are as following:

0 x<1

(x*-1)/3 1<x<2
;ﬁi@: 1 2<x<3

(256 - x?)/247 3<x<16

0 16< x

0 x<0

x? 0<x<1
u%(@— 1 1<x<2

(576 x*)/574 2<x<24

0 24 < x

0 X< -2

(a-x*)3 -2<x<-1
!%i@: 1 -1<x<0

(13- x)/13 0<x<13

0 13<x
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0

X<l

1<x<2
2<x<3
3<x<25
25<x

X< -2
-2<x<-15
-15<x<-05
-05<x<0
O<x

x<0
0<x<2
2<x<4
4<x<12
12<x

x<0
0<x<05
05<x<15
15<x<10
10< x

x<0
0<x<2
2<x<4
4<x<18
18<x

x<1
1<x<3
3<x<5
5<x<18
18< x

x<0
0<x<2
2<x<4
4<x<10
10< x

x<0
0<x<?2
2<x<4
4<x<10
10< x
x<0
0<x<05
05<x<15
15<x<10
10< x

x<18
18<x<20
20<x<22
22<x<30
30< x



0 x <24 3L+ 1% + X,
(6" -e*)/le” -e*) 2 x<26 256 — 2474, + /576574,

py (%)= 11 26<x<28 max f (x) = max
(40_)()/12 28 < x < 40 \/4—3ﬂ,X1+\/3/7.+1X2
0 40 < x (13-134)x, + (25— 222)x,
0 X< 42 <t.

—42)/2 2<x<44
e ()= EX ) A4< x< 46 (A-4)x/2+ 4%, < In((ezo—elg)/Helg)
N &) e) 46< X < 60 Vax [2+In(e? - (2 — )2 )x, < 3/27000— 163521

0 60 < X Jax 2+ In((€ -1)a+ 1), <In((e® -e*)i+e*)
0 X< 27 In(e® - (e - e** ) )x, +In(e® - (€ - e*)a)x, < 40-121
(x2 - 720)/112 27 < x<29 In((e® — e )i + et)x, + 2Ax, <42+ 24

s (=11 29<x<31 (18-134)x, + (10— 62)x, < In(e® — (€% —e®)1)
(64000 x° )/34209 31<x<40 20X, + AX,/3< 729+ 1124
0 40<x In(e® — (€ — e*))x, + Y1000 996.62524x, < /64000 — 342094

Associate with the FMOLP problem, the corresponding

where 4 €[0]].
MOLP, problem islisted as follows:

Table 1: Summary of the running solution by the approximate algorithm

Step The n_um_ber of nqnfuzzy The number of X1 N

objective functions nonfuzzy constraints 2
1 8 16 15179 1.3790
2 12 24 1.5985 1.1049
3 20 40 1.6130 1.0296
4 36 72 1.6161 1.0280
5 68 136 1.6163 1.0279
6 132 264 1.6167 1.0263
7 260 520 1.6166 1.0264
8 516 1032 1.6166 1.0264

Table 2: Summary of the running solution by setting different weights of objective functions

wo|w | X X, .04, %) f.06.%)

1 | 0 | 32260 | 01932 | 3.2260C, +0.1932C, | 3.2260K,, +0.19325,,
09 | 01 | 29141 | 03543 | 291415, +0.35435, | 2.91415,, +0.3543C,,
08 | 02 | 25954 | 05201 | 259545, +0.5201C, | 2.5954E, +0.5201C,,
07 | 03 | 22721 | 06878 | 227215, +0.6878C, | 2.2721C,, +0.68785,,
06 | 0.4 | 1.9454 | 0.8568 | 1.9454C, +0.8566C,, | 1.9454C,, +0.8566C,,
05 | 05 | 16166 | 1.0264 | 16166C, +1.0264C, | 1.6166C, +1.02643,,
04 | 06 | 12872 | 11957 | 1.2872¢, +1.1957¢, | 1.2872C, +1.1957¢,,
03 | 0.7 | 09589 | 1.3637 | 0.9589%, +1.3637C, | 0.9589E,, +1.3637C,,
02 | 0.8 | 06337 | 15296 | 0.6337C, +1.5296C,, | 0.6337C, +1.5296C,,
01 | 09 | 03134 | 1.6922 | 0.31345, +1.6922C,, | 0.3134C, +1.6922C,,
0 | 1 0 1.8506 1.8506C, 1.85068,,




According to Theorem 3.1, the solution to the MOLP;,
problem is also a solution to the FMOLP problem. Here,
we recommend using weighting maxmin method to solve
the MOLP, problem.

5.2 Solving MOL P, problem by the approximate
algorithm

Refer to MOLP; problem, in step 1, theinterval [0,1] is
not split, only 4,=0 and 4 =1 are be considered, then

totally 8 nonfuzzy objective functions and 16 nonfuzzy
constraints are generated. By wei ghting maximum method,
the solution is(x; , x; )= (1.5179,1.3790).

In step 2, one node is inserted into the interval [0,1],
then totally 12 nonfuzzy objective functions and 24
nonfuzzy constraints are generated. By weighting
maximum method, the solution is(x, x; ) = (1.5985,1.1049).
The more detail information about further stepsislisted in
Table 1.

From Table 1, we can find that if the tolerance & = 10°,
the approximate al gorithm stops at step 5, if the tolerance
£ =10°, the approximate algorithm will stop at step 8, and
the number of nonfuzzy objective functions and
constraints will increase dramatically.

When choose different weights w, andw, for objective

functions, the different results are summarized in Table 2:
It can be found from Table 2, when w,= 1 and w,= 0,

the solution (3.2260, 0.1932) is only concerned about the
first objective function. When w, = 0 and w, = 1, the

solution (0, 1.8506) is only concerned about the second
objective function. When w, decreases from 1 to 0 and

w, increases from O to 1 simultaneously, the solution will
move from (3.2260, 0.1932) to (0, 1.8506) gradually.
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